Strengthening of materials and preventing abrupt fracture are really challenging jobs in the field of engineering and material science. Such problems can be resolved by using composite materials. In this work, we have studied the fracture process of a composite material in light of fiber bundle model with different elastic constants as well as different random threshold breaking strength of fibers. The critical width of the threshold distribution (δc), for which abrupt failure occurs, is studied both analytically and numerically with increasing number of components (k) in the composite and it is shown that δc is inversely related to k. Corresponding phase diagram for the model suggests decrease in the tendency of abrupt fracture as number of components in the composite increase. PACS numbers: 62.20.mm, 62.25.Mn, 46.50.+a, 81.40.Np Fracture and material stability attracted human being from long time back when they started using materials found in nature to serve their own purposes. Fracture in materials is a complex phenomenon which involves very large length and time scales. The first scientific approach to realize the strength of materials was by Leonardo da Vinci [1], followed by Galileo Galilei and Edme Mariotte. During the last 25 years, fracture problems has been revisited by physicists [2] [3] [4] . Fracture in materials are mainly guided by either extreme events or collective behavior of the cracks present in the material. In the later case, the material shows deformation in form of precursory rupture events prior to global failure. However, in the first case, a sharp crack, mostly the weakest one, spans the total length of the material denoting global failure without showing any precursory events. This behavior is disadvantageous for industrial purpose. This problem can be resolved to some extent by the introduction of composite materials where materials of different mechanical and chemical properties are mixed to form a new material. The composite material usually comes with either greater strength or with less risk of abrupt failure compared to its components [5, 6] . Example of such composites are cements, concrete, metal composites, ceramic composites etc.
Strengthening of materials and preventing abrupt fracture are really challenging jobs in the field of engineering and material science. Such problems can be resolved by using composite materials. In this work, we have studied the fracture process of a composite material in light of fiber bundle model with different elastic constants as well as different random threshold breaking strength of fibers. The critical width of the threshold distribution (δc), for which abrupt failure occurs, is studied both analytically and numerically with increasing number of components (k) in the composite and it is shown that δc is inversely related to k. Corresponding phase diagram for the model suggests decrease in the tendency of abrupt fracture as number of components in the composite increase. Fracture and material stability attracted human being from long time back when they started using materials found in nature to serve their own purposes. Fracture in materials is a complex phenomenon which involves very large length and time scales. The first scientific approach to realize the strength of materials was by Leonardo da Vinci [1] , followed by Galileo Galilei and Edme Mariotte. During the last 25 years, fracture problems has been revisited by physicists [2] [3] [4] . Fracture in materials are mainly guided by either extreme events or collective behavior of the cracks present in the material. In the later case, the material shows deformation in form of precursory rupture events prior to global failure. However, in the first case, a sharp crack, mostly the weakest one, spans the total length of the material denoting global failure without showing any precursory events. This behavior is disadvantageous for industrial purpose. This problem can be resolved to some extent by the introduction of composite materials where materials of different mechanical and chemical properties are mixed to form a new material. The composite material usually comes with either greater strength or with less risk of abrupt failure compared to its components [5, 6] . Example of such composites are cements, concrete, metal composites, ceramic composites etc.
Fiber Bundle Model (FBM) is an important but simple model to study fracture-failure phenomena. This model is able to mimic correctly the avalanche behavior of fracture in materials [7] . It was first introduced by Pierce [8] . The FBM consists of fibers or Hookean springs, attached between two parallel plates. The plates are pulled apart by a force which exerts stresses on fibers. Once the stress crosses the breaking threshold of a particular fiber, chosen from a random distribution, the fiber breaks. There are two varieties of the FBM, equal load sharing FBM (ELS) and local load sharing FBM (LLS). For the ELS [8, 9] no local deformation and hence no stress concentration occur anywhere around the failed fibers and the stress of the failed fibers is shared among all surviving fibers democratically. The load per fiber therefore increases initiating failure of more fibers and so on. On the other hand, in LLS [10] [11] [12] [13] [14] [15] , the terminal stress of a failed fiber is equally shared only among its nearest surviving neighbors.
In this paper, we have studied the fracture process of a composite bundle containing fibers of different elasticities with certain probabilities in the framework of fiber bundle model under ELS scheme. In [16, 17] , the authors considered a fiber bundle model where a fraction α are unbreakable and the remaining fibers are weak and have randomly distributed failure strength. The brittle to ductile transition was shown at a critical value of this fraction α c . In our model, there is no such unbreakable fraction of fibers. Here, inhomogeneity is introduced in terms of elastic modulus of the fibers. In case of a bundle having k-components, the elasticities of individual components are chosen between two extreme values E min and E max with spacing ∆E = (E max − E min )/(k − 1) and probability 1/k. In a previous work, [18] a system with continuously varying Young's modulus and with a constant breaking strength was studied. However, in our model, elasticity is not the only source of disorder but also the threshold strength (σ th i ) of fibers is. Here, the fibers have different thresholds chosen within the window a to a + 2δ of the uniform distribution [0, 1] where a is the threshold stress corresponding to weakest link of the chain of N fibers and δ is the half width of the distribution. Each fiber has a local elastic modulus E(i). A strain ǫ, same everywhere in the bundle, is applied externally. The load on the bundle at this condition is σ = E ǫ, where E = 1 N N i=1 E(i). The breaking condition is ǫ > σ th i /E(i) which depends both on elasticities and breaking thresholds. In this way we can say that fibers break when the externally applied strain crosses its local strain threshold ǫ th i = σ th i /E(i). After breaking of those fibers the strain is to be redistributed over the remaining fibers in equal amount keeping total stress constant. This may induce breaking of more fibers as the strain on the bundle gets increased. At low δ values, the rupturing of the weakest fiber may result in failure of the entire system. However, at large δ values, for the initial applied strain, the system will reach a stable point where no further rupture of fibers is possible as the next minimum strain threshold is above the redistributed strain. For further rupture, we have to increase the external strain by a little amount, ǫ → ǫ + ∆ǫ so that the breaking condition is satisfied. Thus the system will go through a series of stable states in succession of avalanches of rupturing of fibers till the critical strain is reached that can cause failure of the remaining fibers.
For analytical calculations, first we have chosen the 2-component system. If now the system suffers from a strain ǫ, the average stress of the system will be:
, where E 1 = E min , E 2 = E max are elasticities of fibers of type 1 and type 2 respectively and σ 1 , σ 2 are stresses on type 1 and type 2 fibers respectively. At a certain point of this dynamics if n b1 fraction of type 1 and n b2 fraction of type 2 fibers are broken, then the redistributed strain on the remaining fibers is
Thus all fibers (type 1 and type 2) having breaking thresholds below ǫ ′ will fail. The corresponding stress on type i, i.e., σ ri is given by,
where i = 1 or 2. Broken fraction of type i fibers will be
where i = 1 or 2 corresponding to the type of fibers and p(ǫ) is the strain threshold distribution. In terms of threshold stress distribution we have,
where p(σ) is the uniform threshold distribution. Using Eq. 2 into Eq. 4 we get two quadratic equations for n b1 and n b2 . Solving the quadratic equations we get the solutions for fraction of broken bonds as :
where i, j = 1, 2 and i = j. At critical point the solution becomes,
Then total fraction broken at critical point for a particular width of disorder (2δ) will be given as
Then fraction unbroken at critical point will be
At high δ value the system needs a continuous increment of strain to achieve global failure. Fraction unbroken before sudden failure in those cases are small. As we keep decreasing δ value n c u increases and reaches 1 at δ = δ c , indicating an abrupt failure. Inserting n c u = 1 we get, δ c = a 4 . For the uniform threshold distribution having its mean at 0.5, a = 0.5 − δ. We thus get the value of critical width: δ c = 0.1. The existence of such critical disorder was discussed earlier in [19, 20] . For single component bundle δ c was found to be 1/6 in [21] . With introduction of two types of fibers the critical point gets shifted to a lower value. We will discuss this point further while dealing with numerical results.
To understand whether δ c has any systematics with number of components used in the composite, we carried out a general treatment for a k component bundle. Let at any instance n b1 fraction of type 1, n b2 fraction of type 2, · · · , n bk fraction of type k is broken. The corresponding stress on any fiber of type j will be
where σ j is stress on type jth type. Proceeding in the same way as in the case of 2 components, we get the solution at critical point n c bj as,
which finally gives the fraction unbroken for a kcomponent system as
In above equation taking n c u = 1, we get δ c in terms of a below which the model shows abrupt failure.
For the uniform threshold distribution with mean at 0.5, we have from Eq. 12
This result clearly indicates that the tendency of abrupt failure decreases with increasing number of components.
To have some better understanding for the transition, we have also studied the problem numerically. For numerical simulations we have considered a bundle of L fibers with their strengths chosen from a uniform distribution. The critical average stress σ c is defined as the average stress on the fibers corresponding to a particular δ that can cause failure of all surviving fibers. For only one type of material present (∆E = 0), σ c starts from 1/2 at δ = 0, decreases with increasing δ values and reaches 1/4 at δ = 1/2 [7] . Now if we mix two types of fibers with elasticities E 1 = E min (chosen 1.0 throughout) and E 2 = E max , then the profile of σ c gets lowered at any δ value for ∆E > 0 compared to the case of ∆E = 0. This suggests that the strength of the material decreases as we mix two types of fibers, which apparently seems to be a disadvantage from the perspective of engineering science. However, the actual advantage of such mixing lies within the behavior of n c u which is already claimed in the analytical calculations. From numerical data, as shown in Fig. 1 we can easily observe that as we mix two types of fibers, δ c has a value close to 0.1 instead of 1/6 (for one type of fiber only). Thus brittle region for the twocomponent composite is smaller as n c u starts decreasing from 1 beyond δ = 0.1. Thus unlike a one-component material, here for a greater range of δ, the system behaves as a quasi-brittle material which is favorable for practical use. Beyond a certain δ, there is a tug-of-war between brittle and quasi brittle behavior, for which n c u increases very slowly for a range of δ. This is perhaps due to the fact that for a particular value of strain acting on a two-component system, the fiber with greater elasticity experiences a local stress greater than the average stress σ and therefore has a greater chance for failure. For more than two components present in the composite, variation of n c u with δ is shown in Fig. 2 u remains unaffected by number of components at a particular ∆E value. For low δ, however, there is a huge change. As we increase the varieties of fibers, δ c value get shifted to lower and lower values. The region close to n c u = 1 is further zoomed in the inset and it clearly shows the decrease in δ c with increase in k. The numerical results agree well with analytical results. Reduction of δ c suggests decrease in the fracture abruptness and makes the model more effective for practical use. Beyond δ c , for k > 1, there are plateau type regions, number of which is k. This indicates again a competition between abrupt and continuous fracture due to different stress levels for different types of fibers. A situation n c u = 1 corresponds to an abrupt failure where for the applied strain all the fibers break in a single step. This holds for a δ ≤ δ c . When we increase the strain from zero, up to the point of no fiber breaking, the strain (ǫ) shows a linear relationship with average stress (σ). With increasing strain when one fiber breaks the total model breaks down and the linear relationship of strain and stress per fiber holds for the whole time. Now when n c u < 1, i.e., δ > δ c there are a number of stable points before global failure and between any two consecutive stable points there are a number of redistributing steps. Due to such redistribution the strain before and after any stable point deviates from each other. Because of this deviation the linear behavior in between applied stress (which is a function of applied strain) and strain in the model (redistributed strain) is lost. The response curve in therefore non-linear. This is shown in Fig. 3 . The exact value of δ c can be confirmed from finite size scaling of relaxation time as is done in [22, 23] . Relaxation time (τ ) in the model is defined as the number of redistributing steps after the application of the minimum stress corresponding to the weakest link. However, due to system size effect there will be some configurations where even for δ < δ c , the model would not reach failure point. To avoid this we have calculated the maximum possible relaxation time (τ m ) from a set of 10 3 configurations. Averaging over such 10 3 τ m values we get the average maximum relaxation time τ m which is plotted against δ for different L in Fig. 4 . τ m shows a peak at δ c (L). This approach was used earlier in [21] . To understand the system size effect, finite size scaling is done where
After the scaling, all the plots collapse for exponent values, γ = 1 and ν ≈ 3. Close to δ c , In the inset the system size scaling for τ m is shown:
Following this approach for a two-component system, we have found that the peak gets shifted close to 0.11 from 1/6 This is shown in Fig. 4 for two different ∆E values 1.0 and 2.0, (Fig. 4(a) and Fig. 4(b) ). It is clear from Fig. 4 (a and b) that, the critical behavior is not affected by the difference in elasticities of the two components but solely on the number of components in the composite. δ c for k > 2 is further analyzed from the study of τ m . τ m is calculated for ∆E = 1.0 and for L = 1000, 5000, 10000 and 15000. The results for k = 3, 4 are shown in Fig. 4(c) and Fig. 4(d) . As k value changes δ c is tuned properly following the same scaling rule (Eq. 4) to obtain collapse. These give the proper δ c values for a particular set. For higher k, again value of δ c is lower.
The δ c values can also be confirmed from the study of burst size distributions. If the external strain is raised in such a way that it becomes equal to the breaking threshold of the weakest fiber, then the fiber breaks. This triggers an avalanche of fiber failures and the bundle may attain a new stable state. The total number ∆ of fibers that fail in this event is called the burst size. Starting from a set of intact fibers, the global failure can be attained by raising the external strain. The burst size distribution P (∆) is shown in Fig. 5 for k = 1 (bottom), 2 (middle), 3 (top). The distribution shows a power law as P (∆) ∼ ∆ −α , where α is the exponent. This is in agreement with [24] where α was shown to be 5/2. In [25] , the authors showed that for power law distributed breaking thresholds α shows a crossover at ∆ c , where below ∆ c α is 3/2 and above ∆ c , α is 5/2. In our case we have a uniform threshold distribution, however, the window of distribution δ is varying around 0.5. For δ = δ c , α is found to be 3/2 but when δ > δ c , α shifts to a value 5/2. This sudden change in α around critical disorder confirms δ c = 0.1666, 0.1 and 0.08 respectively for k = 1, 2 and 3. 4 fibers for k = 1 (bottom), 2 (middle), 3 (top). For δ ≤ δ c , α is found to be 3/2 but when δ > δ c , α shows a value 5/2. Now for such a model the window 0 > δ > δ c always possesses risk of abrupt failure. Therefore, the model can be used safely only with disorder width δ > δ c within the interval [0,1]. Thus we can define a effective working region (EWR) for the material, given by: EWR = (1.0 − 2δ c ) × 100%. Composite materials show a huge reduction in the fracture abruptness. As a result, EWR is also increased as shown in the following Table I .
Next we plot δ c against k, the phase diagram of our model ( Fig. 6(a) ) in form of a transition line below which the system is brittle, not suitable for practical purpose and above quasi-brittle, suitable for use. If we increase k value, the brittle region gradually decreases and quasibrittle region increases which in turn increases the EWR. In Fig. 6(b) we give the surface plot for points A, B, C and D in the phase diagram corresponding to k values 1, 2, 4 and 7. For different δ values within the range 0 to 0.5 (along X-axis) we have calculated fraction of unbroken fibers n u for a set of average stress σ starting from the minimum stress corresponding to the weakest link to the critical one (along Y-axis). Yellow region corresponds to initial configuration where all fibers are intact while the color gradient represents the partially broken phase. For δ < δ c the model breaks abruptly and we can simply jump out of the yellow region crossing a straight line. For δ > δ c the model undergoes a continuous fracture so that one has to cross the color gradient after the yellow region. The surface plot clearly supports the decrease in δ c with increasing number of components (k) shown in the phase diagram.
In conclusion, our work gives a good design aspect for materials for practical use. Under ELS scheme of fiber bundle model, we see a critical behavior at a critical value of threshold distribution width (δ c ) which decreases as we increase the number of components in the composite. This δ c serves as a transition point for a material to behave like brittle or quasi-brittle. If we mix a number of components, the composite shows decreased fracture abruptness with some systematics. This in turn helps increasing the effective working region for the material. This model, in this way, may help designing good composite materials although good composites should have other properties like light weight, high stiffness etc., studies of which are beyond the scope of this paper.
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